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The detection of gravitational waves (GW) by the LIGO and Virgo collaborations offers a whole
new range of possible tests and opens up a new window which may shed light on the nature of
dark energy and dark matter. In the present work we investigate how future gravitational waves
data could help to constrain different dynamical dark energy models. In particular, we perform
cosmological forecastings of a class of well known and most used dynamical dark energy models
using the third-generation gravitational wave detector, the Einstein Telescope. We have considered
1000 simulated GW events in order to constrain the parameter space of the dynamical dark en-
ergy models. Our analyses show that the inclusion of the GW data from the Einstein Telescope,
significantly improves the parameter space of the dynamical dark energy models compared to their
constraints extracted from the standard cosmological probes, namely, the cosmic microwave obser-
vations, baryon acoustic oscillations distance measurements, Supernove type Ia, and the Hubble
parameter measurements.
PACS numbers: 98.80.-k, 95.36.+x, 95.35.+d, 98.80.Es
1. INTRODUCTION
According to the latest claims by LIGO and Virgo col-
laborations, the gravitational waves (GW) from a pair
of two very massive black holes around 36 and 29 so-
lar masses have been detected, known as the GW150914
event [1]. Subsequently, the investigations in a series
of further works [2–6] also claimed similar detection.
Just after the detection of GW from binary black holes,
again GW from a binary neutron star merger (known as
GW170817 event [7]) together with an electromagnetic
counterpart known as GRB 170817A event [8] was also
detected. Without any doubt, the detection of GW, if
we avoid its counter attacks, is an appreciable event for
modern cosmology that naturally thrilled the scientific
community offering some new insights in the physics of
dark energy and modified gravity theories at the funda-
mental level. Following this a lot of investigations have
already been performed by many researchers in order to
understand how GW could affect the cosmological theo-
ries of interest, see for instance [9–29]. One of the most
important properties is that GW propagate practically
with the light speed, as reported the events GW170817
[7] and GRB 170817A [8]. Thus, by using the extracted
properties from GW, for instance its propagation speed,
one can impose strong constraints on the cosmological
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models as well as exclude some cosmological theories. Es-
pecially, GW data provide a novel approach of luminosity
distance measurements, known as standard sirens.
Motivated by the earlier investigations, in the present
work, we focus on the dynamical dark energy cosmologies
through their parametrizations with an aim to examine
how luminosity distances extracted from future GW data
could affect the bounds on the aforementioned dark en-
ergy models. The parametrizations of the dark energy
sector is a well motivated area in cosmology where the
primary content is the dark energy equation of state de-
fined by, wx = px/ρx, in which px, ρx are respectively
the pressure and energy density of the dark energy fluid.
We note that in the context of modified gravity theo-
ries, such parametrizations can be viewed in terms of an
effective dark energy equation of state. Alternatively,
using different dark energy equation of state (in the con-
text of Einstein’s gravity theory) or effective dark energy
equation of state (in the context of modified gravitational
theories), one could be able to trace the expansion his-
tory of the universe, and test them using the observa-
tional data. In this work we consider that the under-
lying gravitational theory is described by the Einstein’s
gravity and the large scale structure of our Universe is
homogeneous and isotropic, and hence, the geometry of
the universe is described by the Friedmann-Lemaˆıtre-
Robertson-Walker metric. Now, concerning the dy-
namical dark energy parametrizations, we recall numer-
ous parametrizations that have been investigated widely
with the available observational data [30–48]. Some
well known and most used dark energy parametriza-
tions in this series are, Chevallier-Polarski-Linder (CPL)
parametrization [30, 31], Logarithmic parametrization
[35], Jassal-Bagla-Padmanabhan (JBP) parametrization
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2[36], Barboza-Alcaniz parametrization [39]. Here, con-
sidering these four well known dark energy parametrza-
tions, namely, CPL, Logarithmic, JBP and BA, we per-
form a robust analysis by constraining their parameter
space using the simulated GW data from the Einstein
Telescope along with the standard astronomical probes
such as cosmic microwave background radiation (CMB)
[49, 50], baryon acoustic oscillations (BAO) [51–53], Su-
pernove Type Ia (SNIa) [54] and Hubble parameter mea-
surements from the cosmic chronometers (CC) [55], in or-
der to see how the data from GW improve the parameter
space of these known parametrizations compared to their
usual cosmological constraints availed from the known
cosmological probes, CMB, BAO, SNIa and CC. We refer
to some earlier works on dark energy with similar motiva-
tion, that means where the simulated GW data from the
Einstein Telescope were taken into account [56–61]. We
mention that it will be also interesting to use simulated
GW data from other observatories like Laser Interferom-
eter Space Antenna (LISA) [70], Deci-hertz Interferome-
ter Gravitational wave Observatory (DECIGO) [71, 72],
TianQin [73]. However, in the present work we mainly
concentrate, how GW data from one particular source,
namely from the Einstein Telescope, could affect a class
of well known and most used dynamical DE parametriza-
tions. One can equally apply other GW sources to a spe-
cific model in order to compare their constraining power.
However, apart from the GW data, a number of up-
coming cosmological surveys, such as, Simons Observa-
tory Collaboration (SOC) [62], Cosmic Microwave Back-
ground Stage-4 (CMB-S4) [63], EUCLID Collaboration
[64, 65], Dark Energy Spectroscopic Instrument (DESI)
[66], Large Synoptic Survey Telescope (LSST) [67–69],
are all dedicated to explore more about the nature of the
dark sector of our universe and to provide more precise
constraints on the dark energy equation of state. So, it is
expected that the upcoming cosmological surveys men-
tioned above will play a crucial role to understand the
physics of the dark universe. Along the similar lines, it
is also important to understand the constraining power
of different surveys by investigating the improvements
of the cosmological parameters. This will enable us to
understand how Einstein Telescope and other GW ob-
servatories perform with respect to other cosmological
surveys, such as, SOC, CMB-S4, EUCLID, etc. Thus,
for a better conclusion about the constraining power be-
tween the cosmological surveys, it is important to apply
all of them on a specific cosmological model. Such an
investigation is truly important in the context of cosmo-
logical physics. A systematic and dedicated analysis of
the dynamical dark energy models taking all the future
cosmological surveys mentioned above, is the subject of
a forthcoming work.
The work has been structured in the following way. In
section 2 we briefly introduce the background and pertur-
bative evolutions for any dark energy parametrization as
well as we introduce the parametrizations of our interest.
After that in section 3 we describe the method to simu-
late the GW data from the Einstein Telescope and show
how to use the simulated GW data in order to constrain
an underlying theory. In section 4 we introduce the stan-
dard astronomical probes as well as the methodology for
constraining the model parameters. Then in section 5 we
discuss the results of our analyses. Finally, we close the
work in section 6 with a brief summary of all the results
obtained.
2. DYNAMICAL DARK ENERGY
In this section we shall describe the general evolution
laws of a dynamical dark energy component at the level
of background and perturbations.
It is well known that at large scale, our Universe is
perfectly homogeneous and isotropic. Such geometri-
cal description of our Universe is characterized by the
Friedmann-Lemaˆıtre-Robertson-Walker (FLRW) line el-
ement given by
ds2 = −dt2 + a2(t)
[
dr2
1− kr2 + r
2
(
dθ2 + sin2 θdφ2
)]
,(1)
where a(t) (hereafter we shall denote it simply by a) is the
expansion scale factor of the Universe and k is the curva-
ture scalar. For k = 0, +1, −1, three different geometries,
namely, the spatially flat, closed and the open Universe
are described. Further, we assume that the gravitational
sector of the Universe is described by the Einstein’s gen-
eral theory of relativity where the total matter sector of
the Universe is minimally coupled to the Einstein gravity.
This total matter sector comes from radiation, baryons,
pressureless dark matter and dark energy. Thus, with
the above information, one can explicitly write down the
Einstein’s field equations as
H2 +
k
a2
=
8piG
3
ρtot , (2)
2H˙ + 3H2 +
k
a2
= −8piGptot , (3)
where H ≡ a˙/a is the Hubble factor of the FLRW Uni-
verse; ρtot = ρr+ρb+ρc+ρx, is the total energy density of
the Universe and ptot = pr+pb+pc+px, is the total pres-
sure coming from the individual fluid. Let us note that
here ρi (i = r, b, c, x) and pi are respectively the energy
density and the pressure of the i-th component where the
subscripts r, b, c, x respectively correspond to radiation,
baryons, cold dark matter and the dark energy sector.
Now, using the Bianchi’s identity, the conservation law
for the total fluid follows,
ρ˙tot + 3H(ρtot + ptot) = 0 . (4)
One can easily find that the conservation equation (4)
can be obtained if we simply use the field equations (2)
and (3). Since we do not have any interaction between
3the fluids, thus, the conservation equation of each fluid
follows the evolution
ρ˙i + 3H(pi + ρi) = 0⇔ ρ˙i + 3H(1 + wi)ρi = 0 , (5)
where wi = pi/ρi is the equation of state of the i-th fluid
and it takes 1/3, 0, 0 for radiation, baryons and cold dark
matter. The equation of state of the dark energy fluid is
unknown and in this work we consider that wx has a dy-
namical character and henceforth we shall consider some
particular expressions for it. We make a final comment
regarding the geometrical shape of the Universe. As from
the observational sources, the Universe is almost flat [74],
and henceforth, throughout the present work we shall as-
sume k = 0 in the Einstein’s field equations (2) and (3).
Now, let us get back to the the conservation equation (5),
from which one can solve the evolution equations for the
governing matter components. In particular, the evolu-
tion of the dark energy fluid can be written in terms of
its energy density as
ρx = ρx,0
(
a
a0
)−3
exp
(
−3
∫ a
a0
wx (a
′)
a′
da′
)
, (6)
where ρx,0 is the present value of the dark energy density
ρx, and here a0 is the present value of the scale factor
where 1 + z = a0/a. Without any loss of generality we
set the present value of the scale factor to be unity, that
means, a0 = 1. Thus, with the above set of equations, for
any prescribed dark energy equation of state, in principle,
it is possible to determine the background evolution of
the Universe.
However, at the same time, it is important to under-
stand the behaviour of the model at the level of perturba-
tions since that enables us to understand the formation
of structure of the Universe.
Thus, in order to investigate the cosmological pertur-
bations, we consider the perturbed FLRW metric that
takes the following expression
ds2 = a2(τ)
[−dτ2 + (δij + hij)dxidxj] , (7)
where τ is the conformal time and the quantities δij , hij
respectively denote the unperturbed and the perturbated
metric tensors. Now, for the above perturbed metric (7),
one can conveniently write the Einstein’s equations ei-
ther in the conformal Newtonian gauge or in the syn-
chronous gauge in the Fourier space κ. We choose the
synchronous gauge and thus using the energy-momentum
balance equation Tµν;ν = 0, for the i-th fluid the continu-
ity and the Euler equations for a mode can be written as
[75–77]
δ′i = −(1 + wi)
(
θi +
h′
2
)
− 3H
(
δpi
δρi
− wi
)
δi
−9H2
(
δpi
δρi
− c2a,i
)
(1 + wi)
θi
κ2
, (8)
θ′i = −H
(
1− 3δpi
δρi
)
θi +
δpi/δρi
1 + wi
κ2 δi − κ2σi, (9)
where any prime associated with each variable denotes
the differentiation with respect to the conformal time
τ ; δi = δρi/ρi is the density perturbation for the i-th
fluid; H = a′/a, is the conformal Hubble factor; h = hjj
is the trace of hij , and θi ≡ iκjvj is the divergence of
the i-th fluid velocity. The quantity c2a,i = p˙i/ρ˙i de-
notes the adiabatic sound speed of the i-th fluid whereas
c2s = δpi/δρi, is the physical sound speed related with
other as c2a,i = wi− w
′
i
3H(1+wi) . Finally, we note that σi is
the anisotropic stress of the i-th fluid, however, we shall
neglect its contribution for its minimal contribution as
reported by some recent observational data [78].
Now, we close this section by enlisting the dark energy
parametrizations that we wish to study in this work. We
consider four well known DE parametrizations as follows.
The first one is the Chevallier-Polarski-Linder model [30,
31] having the following expression
wx(z) = w0 + wa
z
1 + z
(10)
where w0 is the present value of wx(z) and wa =
dwx(z)/dz at z = 0, is another free parameter of this
model.
As a second model, we consider the Logarithmic
parametrization introduced by G. Efstathiou [35]
wx(z) = w0 + wa ln(1 + z) (11)
where w0 and wa parameters have the same meanings as
described for the CPL parametrization.
We then consider another DE parametrization
widely known as the Jassal-Bagla-Padmanabhan (JBP)
parametrization [36]
wx(z) = w0 + wa
z
(1 + z)2
(12)
and here too, w0 and wa parameters have the same mean-
ings as described for the above two models, namely CPL
and Logarithmic.
Finally, we end up with the Barboza-Alcaniz
parametrization [39]
wx(z) = w0 + wa
z(1 + z)
1 + z2
(13)
where w0, wa have the same meanings as described above
for other DE parametrizations.
43. METHOD OF SIMULATING GW DATA AND
ITS USE
In this section we shall describe the method for simu-
lating the Gravitational Waves Standard Sirens (GWSS)
data, each data point of which consists of (z, dL(z), σdL)
of a GW source, where dL(z) is the luminosity distance
at the redshift z and σdL is the associated error with
dL(z). The constraining ability of this catalogue, to-
gether with other astronomical datasets, is further in-
vestigated in various cosmological models, for instance
[56, 57, 60]. The simulation of GW data is model de-
pendent, thus one needs to choose the fiducial values of
model parameters. In this paper, each set of parameters
used in the GW simulation is decided by other observa-
tional data under a specific cosmological model, and after
that the aforementioned GW data as well as the real data
from different observational sources are combined to con-
strain the same model. This procedure has been followed
in section 5.
The initial step to generate the GWSS data is per-
formed by simulating the redshift distribution of the
sources. In this paper we assume the redshifts of all
observed GW sources are available. Practically, this is
achieved by employing techniques such as identifying the
Electromagnetic counterparts. Our interest is focused on
GW events originate from 2 types of binary systems: the
binary system of a Black Hole (BH) and a Neutron Star
(NS) identified as BHNS as well as binary neutron star,
named as BNS.
Following some earlier works in this direction [56, 57,
60], the redshift distribution of the observable sources is
given by
P (z) ∝ 4pid
2
C(z)R(z)
H(z)(1 + z)
, (14)
where dC(z) represents the comoving distance at the red-
shift z; R(z) is the merger rate of binary system (BHNS
or BNS) with the fitting form [57, 79, 80]
R(z) =

1 + 2z, z ≤ 1,
3
4 (5− z), 1 < z < 5,
0, z ≥ 5.
(15)
Based on the prediction of the Advanced LIGO-Virgo
network, the detailed configuration of our simulation is
as follows. The ratio between observed BHNS and BNS
events is set to be 0.03, which makes BNS the overwhelm-
ing majority of GW sources. By roughly considering the
mass distribution of the astrophysical objects NS and
BH, we perform random sampling of their masses from
uniform distributions U(M, 2M) and U(3M, 10M)
respectively, with M being one solar mass. For more
details, we refer to [57, 60].
Thus, according to the redshift and mass distribution
described above, the catalogue of the GWSS data can be
easily obtained through the introduction of the fiducial
model which could be any well motivated cosmological
model. Now, for the spatially flat Universe, technically,
one could find the expression for H(z) for the concerned
cosmological model and consequently, the luminosity dis-
tance dL(z) of the GW sources can now be calculated
through the relation
dL(z) = (1 + z)
∫ z
0
dz′
H(z′)
. (16)
Hence, the mean luminosity distances of all the GW
sources can be generated using Eq. (16). That means, the
dL(z) vs. z relation can be obtained for every GW event
for the concerned cosmological model which as mentioned
could be any well motivated cosmological model. Al-
though in some earlier works, ΛCDM has been considered
to the fiducial model, in a similar fashion, instead of the
ΛCDM model, one may fix some other dark energy mod-
els to generate the simulated GW data, since there is no
such strict rule to select the ΛCDM model as the fiducial
one. In this work we have not fixed ΛCDM as the fiducial
model which is usually done (for instance, see [56, 57]),
rather we have considered the dynamical DE models as
the fiducial models. We shall describe about it later in
more detail.
Now, while measuring the luminosity distance of the
GW source, certainly, one needs to calculate the associ-
ated error which we denote by σdL . In order to calculate
this error, one needs the expression of GW signal, i.e., the
strain of GW interferometers. Note that, since the GW
amplitude relies on dL(z), one can extract the informa-
tion regarding dL(z) once other parameters (e.g. masses
of the binary system, etc.) are evaluated from the wave-
form. This is the reason why the GW events are often
referred to as the standard sirens, analogous to the Su-
pernovae Type Ia standard candles. As a consequence,
the error of GW detection (given in terms of GW SNR)
is passed to σdL(z) via Fisher matrix.
In the following we enter into the main part of this sec-
tion where we describe the strain of GW interferometers.
Considering the transverse-traceless (TT) gauge, the
strain h(t) in the GW interferometers can be given by
[57, 60]
h(t) = F+(θ, φ, ψ)h+(t) + F×(θ, φ, ψ)h×(t),
where F+ and F× are the beam pattern functions of the
Einstein Telescope; ψ is the polarization angle; the angles
θ, φ effectively describe the location of the GW source
with respect to the GW detector (here Einstein Tele-
scope); h+ = hxx = −h−yy, h× = hxy = hyx (two in-
dependent components of the GW’s tensor hµν in the
transverse-traceless (TT) gauge), see the details here [57].
Now, one can write down the antenna pattern functions
of the Einstein Telescope as [56, 57, 60]
5F
(1)
+ (θ, φ, ψ) =
√
3
2
[1
2
(1 + cos2(θ)) cos(2φ) cos(2ψ)
− cos(θ) sin(2φ) sin(2ψ)
]
,
F
(1)
× (θ, φ, ψ) =
√
3
2
[1
2
(1 + cos2(θ)) cos(2φ) sin(2ψ)
+ cos(θ) sin(2φ) cos(2ψ)
]
.
For the remaining two interferometers, their antenna
pattern functions can be derived using above equations
for F
(1)
+ (θ, φ, ψ) and F
(1)
× (θ, φ, ψ) and substituting φ by
φ + 120◦ or φ + 240◦, because the three interferometers
form an equilateral triangle, and hence, they make 60◦
with each other.
Then, we follow the works of [56, 81] to derive the
Fourier transform H(f) of the time domain waveform
h(t) considering the stationary phase approximation that
leads to, H(f) = Af−7/6 exp[i(2pift0 − pi/4 + 2ψ(f/2)−
ϕ(2.0))], where A is the Fourier amplitude having the fol-
lowing expression
A = 1
dL
√
F 2+(1 + cos
2(ω))2 + 4F 2× cos2(ω)
×
√
5pi/96pi−7/6M5/6c ,
in which Mc is dubbed as the “chirp mass” which is re-
lated to the total mass M of the coalescing binary system
(M = m1 +m2; here the component masses are m1, m2)
and the symmetric mass ratio (SMR) η = m1m2/M
2, by
the relation Mc = Mη3/5. Note that the masses here
are actually the observed masses, which is related to the
intrinsic masses as Mobs = (1 + z)Mint, exhibiting an
enhancement of a factor (1 + z).
Furthermore, in the expression for A, the symbol ω
denotes the angle of inclination of the binary’s orbital
angular momentum with the line of sight. Since the
short gamma ray bursts (SGRBs) are usually expected
to be strongly beamed, the coincidence observations of
SGRBs suggest that the binaries should be aligned in
such a way so that ω ' 0 with its maximal inclination
about ω = 20◦. Here, we make a comment that averag-
ing the Fisher matrix over the inclination (i.e., ω) and
the polarization (i.e., ψ) under the constraint ω < 90◦ is
almost (roughly) the same as setting ω = 0, considered
in the simulation of [81]. Thus, during the simulation of
the GW sources, one can safely consider ω = 0. How-
ever, during the estimation of the practical uncertainty
of dL, the uncertainty of inclination should be considered
positively.
When the waveform of GW are known, one can cal-
culate the signal-to-noise ratio (SNR). The SNR plays
a very crucial role in detection of the GW event, be-
cause a GW detection is confirmed if the combined SNR
of at least 8 is found in the Einstein Telescope [82, 83]
(see also [56, 57, 59, 84] for more details in this direc-
tion). In general, the combined SNR for the network
employing three independent interferometers (just like
in the Einstein Telescope) is: ρ =
√
3∑
i=1
(ρ(i))2, where
ρ(i) =
√〈H(i),H(i)〉, and the inner product inside the
square root follows [56, 57, 60]
〈a, b〉 = 4
∫ fupper
flower
a˜(f)b˜∗(f) + a˜∗(f)b˜(f)
2
df
Sh(f)
, (17)
where the sign “∼” placed over the symbols denotes their
Fourier transformations and Sh(f) is the one-side noise
power spectral density which for this article is taken to
be the same as in [56].
Now, the instrumental error (following Fisher matrix
approach) on dL can be estimated through the relation
σinstdL '
√〈
∂H
∂dL
,
∂H
∂dL
〉−1
. (18)
Assuming that dL is independent of other parameters,
and using the relation H ∝ d−1L , from (1), one can de-
duce that, σinstdL ' dL/ρ. Now, when we estimate the
uncertainty of the mesurement dL, we should take into
account the inclination ω. At the same time we must
consider the correlation between dL and ω. While taking
into account such correlation, the maximal effect of the
inclination on the SNR which is a factor of 2 (between
ω = 0 and ω = 90◦) is considered. Now, in order to
provide with an estimation of the ability of the GWSS to
constrain the cosmological parameters, we double the es-
timation of the error imposed on the luminosity distance
that goes as [81]: σinstdL ' 2dLρ . Moreover, under the
short-wave approximation, GW are lensed in the same
way as electromagnetic waves during propagation, result-
ing in an additional weak lensing error which is modeled
as σlensdL = 0.05zdL in [57]. Consequently, the combined
error is σdL =
√
(σinstdL )
2 + (σlensdL )
2, where the errors σinstdL
and σlensdL , are already defined above.
Thus, following the method described above, one is
now able to generate the future GWSS dataset consist-
ing of (z, dL(z), σdL(z)). As argued in [57], the con-
straining ability of Planck on cosmological parameters
can only be reached with at least 1000 GW events, cor-
responding to 10 years of observation by the Einstein
Telescope.therefore, data of 1000 GW events are mocked
in this work.
Finally, we come to the last part of this section where
we describe the approach to use the simulated GW data.
The analysis with GW data is similar to the standard
cosmological probes. For the GW standard siren mea-
surements with N simulated data points, the χ2 function
is given by
χ2GW =
N∑
i=1
[
d¯iL − dL(z¯i; ~Θ)
σ¯idL
]2
, (19)
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FIG. 1: Error of luminosity distance based on two sets of
simulations. It is clear from the figure that the results of these
two methods are quite close. In the plot we also show the
contribution of gravitational lensing, which takes majority in
the whole error budget, i.e. σlensdL > σ
inst
dL
.
where z¯i, d¯
i
L, and σ¯
i
dL
are respectively the i-th redshift,
luminosity distance at this redshift, and the error of the
luminosity distance of the simulated GW data for this
particular redshift. Here, ~Θ represents the set of cosmo-
logical parameters that we need to constrain.
We conclude this section with the following remark
which we believe to be important in the context of simu-
lating GW data. We notice that different models of GW
sources have been proposed in earlier investigations, e.g.
[85–87], and the types or distributions of GW sources
may vary from model to model. While, for the purpose
of this paper, what really matters is their impact on the
observables, especially the error of luminosity distance.
A detailed investigation regarding the merger of astro-
physical binary systems is reported in Ref. [85], where
the exact expressions for NS/BH merger rates are derived
based on the physical process of star formation, and the
current abundances of binary systems are normalized by
the constraint from observational data [88, 89]. For the
sake of cross-check, we have also conducted a simula-
tion following their approach and assume the same form
of lensing error (this part is not considered in [85]). It
turns out that the resulting δdL of these two methods are
quite close, as is shown in Fig. 1. And this is partly be-
cause the contribution of gravitational lensing (green line
of Fig. 1) takes majority in the whole error budget (yel-
low and blue lines of of Fig. 1), that means, σlensdL > σ
inst
dL
.
Thus, the validity of our approach is confirmed.
4. STANDARD COSMOLOGICAL PROBES
AND THE TOTAL LIKELIHOOD ANALYSIS
INCLUDING GW
Here we summarize the standard observational data
used to analyze the models. In the following we outline
a brief desctiption for each dataset.
1. Cosmic Microwave Background (CMB) data: The
cosmic microwave background radiation is an im-
portant cosmological data to analyze the dark en-
ergy models. In particular, we use the Planck 2015
measurements [49, 50] that include the high- and
low- `TT likelihoods in the mutiple range 2 ≤ ` ≤
2508 as well as the high- and low- ` polarization
likelihoods. The entire data set is identified as
Planck TTTEEE+lowTEB.
2. Baryon Acoustic Oscillations (BAO) data: In this
work we employ four distinct BAO data measured
by different observational surveys. Precisely, we
take the (i) 6dF Galaxy Survey (6dFGS) measure-
ment at zeff = 0.106 [51], (ii) the Main Galaxy
Sample of Data Release 7 of Sloan Digital Sky
Survey (SDSS-MGS) at zeff = 0.15 [52], (iii) the
CMASS sample from the latest Data Release 12
(DR12) of the Baryon Oscillation Spectroscopic
Survey (BOSS) at zeff = 0.57 and finally (iv) the
LOWZ sample from BOSS DR12 at zeff = 0.32 [53].
3. Supernovae Type Ia: The joint light curve sample
[54] from Supernovae Type Ia (SNIa) data scattered
in the redshift region z ∈ [0.01, 1.30] have been con-
sidered. The total number of SNIa in this region is
740.
4. Cosmic Chronometers: We also add the Hubble pa-
rameter measurements from the cosmic chronome-
ters. The cosmic chronometers are the most mas-
sive and passively evolving galaxies. The measure-
ments of the Hubble parameters from the cosmic
chronometers are promising to estimate the cosmo-
logical parameters, see [55]. The total number of
Hubble data points we consider in this analysis is
thirty distributed in the redshift region 0 < z < 2.
Now in order to extract the observational constraints
on the proposed dynamical DE parametrizations for sev-
eral combinations of the cosmological datasets, we use an
efficient package, namely the Markov Chain Monte Carlo
package cosmomc [90, 91] which is equipped with the well
known convergence statistic by Gelman-Rubin [92]. The
cosmomc package also includes the support for Planck
2015 Likelihood Code [50]. One can avail this code from
the website http://cosmologist.info/cosmomc/., and
it is freely available. The parameter space that we shall
constrain in this work is as follows:
P ≡
{
Ωbh
2,Ωch
2, 100θMC , τ, ns, log[10
10As], w0, wa
}
,
where Ωbh
2, Ωch
2 are respectively the physical density
for baryons and cold dark matter; θMC is the ratio of
sound horizon to the angular diameter distance; τ refers
to the reionization optical depth; ns is the scalar spectral
index; As is the amplitude of the primordial scalar power
spectrum; w0, wa are the key parameters of all the DE
parametrizations. In Table I we describe the flat priors
on the cosmological parameters used during the analysis
of the models.
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FIG. 2: For the fiducial CPL model, we first constrain the cosmological parameters using the datasets CMB, CMB+BAO,
CMB+BAO+JLA and CMB+BAO+JLA+CC and then we use the best-fit values of the parameters for “each dataset” to
generate the corresponding GW catalogue. Following this, in each panel we show dL(z) vs z catalogue with the corresponding
error bars for 1000 simulated GW events. The upper left and upper right panels respectively present the catalogue (z, dL(z))
with the corresponding error bars for 1000 simulated events derived using the CMB alone and CMB+BAO dataset. The lower
left and lower right panels respectively present the catalogue (z, dL(z)) with the corresponding error bars for 1000 simulated
events derived using the CMB+BAO+JLA and CMB+BAO+JLA+CC datasets.
Parameter Prior
Ωbh
2 [0.005, 0.1]
Ωch
2 [0.01, 0.99]
τ [0.01, 0.8]
ns [0.5, 1.5]
log[1010As] [2.4, 4]
100θMC [0.5, 10]
w0 [−2, 0]
wa [−3, 3]
TABLE I: The flat priors on various cosmological parameters
used for constraining the dynamical dark energy models.
5. RESULTS AND ANALYSIS
Let us now summarize the main observational results
extracted from the dynamical DE models (10), (11), (12)
and (13) after the inclusion of the simulated GW data.
In the following we describe the results for each model in
detail.
5.1. CPL parametrization
First of all, we have constrained the CPL parametriza-
tion of eqn. (10) using the standard cosmological probes,
such as CMB, BAO, JLA and CC (summarized in the
upper half of the Table II), and then using the best-fit
values of the model parameters of this model, we have
generated the GW catalogue comprising 1000 simulated
GW events. So, here we have considered CPL as the
fiducial model. In Fig. 2, we have shown the lumin-
sity distance dL(z) versus z graphics for the 1000 sim-
ulated GW events. Now, incorporating the simulated
8Parameters CMB CMB+BAO CMB+BAO+JLA CMB+BAO+JLA+CC
Ωch
2 0.1190+0.0014+0.0027−0.0014−0.0027 0.1191
+0.0014+0.0026
−0.0013−0.0027 0.1191
+0.0013+0.0025
−0.0013−0.0026 0.1190
+0.0013+0.0024
−0.0013−0.0025
Ωbh
2 0.02228+0.00015+0.00031−0.00016−0.00031 0.02226
+0.00015+0.00029
−0.00015−0.00029 0.02226
+0.00014+0.00030
−0.00014−0.00030 0.02228
+0.00014+0.00030
−0.00016−0.00029
100θMC 1.04081
+0.00032+0.00062
−0.00032−0.00064 1.04078
+0.00033+0.00063
−0.00032−0.00064 1.04079
+0.00032+0.00063
−0.00032−0.00063 1.04081
+0.00033+0.00063
−0.00032−0.00063
τ 0.075+0.018+0.034−0.017−0.034 0.078
+0.017+0.034
−0.017−0.034 0.080
+0.017+0.034
−0.017−0.034 0.081
+0.017+0.033
−0.017−0.034
ns 0.9667
+0.0044+0.0089
−0.0044−0.0087 0.9665
+0.0044+0.0091
−0.0044−0.0084 0.9666
+0.0045+0.0088
−0.0044−0.0089 0.9665
+0.0043+0.0085
−0.0043−0.0082
ln(1010As) 3.083
+0.035+0.066
−0.034−0.068 3.090
+0.034+0.066
−0.033−0.066 3.092
+0.033+0.066
−0.033−0.067 3.094
+0.033+0.066
−0.033−0.065
w0 −1.218+0.302+0.856−0.597−0.782 −0.524+0.374+0.524−0.236−0.514 −0.909+0.095+0.216−0.123−0.201 −0.909+0.099+0.213−0.116−0.209
wa < −0.446 < 0.526 −1.403+0.731+1.570−1.021−1.466 −0.409+0.517+0.689−0.277−0.777 −0.399+0.423+0.676−0.297−0.724
Ωm0 0.218
+0.028+0.146
−0.081−0.097 0.344
+0.032+0.051
−0.026−0.054 0.308
+0.009+0.020
−0.011−0.019 0.308
+0.010+0.020
−0.011−0.019
σ8 0.960
+0.118+0.152
−0.065−0.185 0.803
+0.024+0.053
−0.030−0.051 0.835
+0.018+0.035
−0.017−0.035 0.835
+0.017+0.034
−0.017−0.033
H0 83.06
+15.10+18.40
−7.98−21.61 64.36
+2.05+5.26
−3.23−4.67 67.94
+1.09+2.10
−1.08−2.05 67.92
+1.09+2.14
−1.09−2.10
Parameters CMB+GW CMB+BAO+GW CMB+BAO+JLA+GW CMB+BAO+JLA+CC+GW
Ωch
2 0.1186+0.0012+0.0024−0.0012−0.0024 0.1188
+0.0013+0.0025
−0.0013−0.0025 0.1189
+0.0012+0.0024
−0.0012−0.0023 0.1188
+0.0013+0.0025
−0.0013−0.0025
Ωbh
2 0.02233+0.00014+0.00028−0.00014−0.00027 0.02231
+0.00015+0.00028
−0.00015−0.00030 0.02226
+0.00015+0.00030
−0.00016−0.00030 0.02231
+0.00015+0.00029
−0.00015−0.00029
100θMC 1.04088
+0.00031+0.00060
−0.00030−0.00062 1.04088
+0.00032+0.00062
−0.00032−0.00063 1.04079
+0.00032+0.00061
−0.00032−0.00063 1.04088
+0.00031+0.00061
−0.00030−0.00061
τ 0.079+0.017+0.033−0.017−0.033 0.081
+0.017+0.034
−0.017−0.033 0.081
+0.017+0.034
−0.017−0.0315 0.082
+0.018+0.034
−0.017−0.034
ns 0.9677
+0.0041+0.0082
−0.0042−0.0081 0.9675
+0.0043+0.0086
−0.0043−0.0087 0.9670
+0.0041+0.0078
−0.0041−0.0082 0.9675
+0.0043+0.0086
−0.0042−0.0086
ln(1010As) 3.089
+0.034+0.064
−0.033−0.067 3.093
+0.034+0.065
−0.033−0.064 3.094
+0.033+0.067
−0.033−0.062 3.096
+0.035+0.066
−0.034−0.066
w0 −1.168+0.180+0.385−0.212−0.361 −0.465+0.189+0.359−0.200−0.360 −0.904+0.070+0.155−0.080−0.144 −0.902+0.064+0.124−0.062−0.124
wa −1.081+0.842+1.303−0.640−1.558 −1.523+0.642+1.071−0.562−1.160 −0.256+0.263+0.549−0.227−0.523 −0.373+0.263+0.451−0.226−0.500
Ωm0 0.218
+0.010+0.020
−0.010−0.019 0.349
+0.017+0.031
−0.016−0.031 0.318
+0.006+0.012
−0.006−0.012 0.309
+0.004+0.009
−0.004−0.009
σ8 0.945
+0.020+0.043
−0.022−0.040 0.797
+0.017+0.036
−0.019−0.033 0.822
+0.015+0.029
−0.015−0.027 0.831
+0.015+0.029
−0.015−0.029
H0 80.75
+1.71+3.68
−1.92−3.37 63.77
+1.37+2.80
−1.52−2.77 66.98
+0.55+1.12
−0.55−1.10 67.72
+0.36+0.71
−0.35−0.71
TABLE II: 68% and 95% CL constraints on the Chevallier-Polarski-Linder parametrization (10) using various combinations of
the observational data with and without the GW data. The upper panel represents the constraints on the model without the
GW data while in the lower panel we present the corresponding constraints using the GW data. For the CMB only case the
upper limits of the wa parameter at 68% and 95% CL are reported. Here, Ωm0 is the present value of Ωm = Ωb + Ωc and H0
is in the units of km s−1Mpc−1.
GW events with the standard cosmological probes, we
have constrained the CPL parametrization. The sum-
mary of the observational constraints on the CPL model
after the inclusion of the simulated GW data are shown
in the lower half of Table II.
In Fig. 3 we present the comparisons between the
constraining results of the datasets before and after the
inclusion of the GW data to the standard cosmolog-
ical probes mentioned above, where in particular, we
show the one-dimensional (1D) marginalized posterior
distributions for some selected parameters of the model
as well as the two-dimensional (2D) contour plots be-
tween several combinations of the model parameters
of this parametrization. Specifically, the upper left
panel of Fig. 3 presents the comparisons between the
datasets CMB and CMB+GW; the upper right panel
of Fig. 3 is for CMB+BAO and CMB+BAO+GW;
the lower left panel of Fig. 3 is for CMB+BAO+JLA
and CMB+BAO+JLA+GW; finally the lower right
panel of Fig. 3 is for CMB+BAO+JLA+CC and
CMB+BAO+JLA+CC+GW. In the following we de-
scribe the effects of GW on the model parameters cor-
responding to different observational datasets.
In the second column of Table II, we present the ob-
servational constraints on the model parameters for the
datasets CMB and CMB+GW. One can clearly notice
that the inclusion of GW to CMB is effective to re-
duce the error bars on some of the parameter space of
this model, see the top left panel of Fig. 3 for a bet-
ter view on the parameter space. In particular, one can
note the significant improvement in the estimations of
the Hubble constant as follows, H0 = 83.06
+15.10
−7.98 (68%
CL, CMB), H0 = 80.75
+1.71
−1.92 (68% CL, CMB+GW). We
note that due to the inclusion of GW to CMB, the er-
ror bars on H0 are reduced by several factors. We also
note that the matter density parameter at present, Ωm0,
for CMB alone is constrained to be small compared to
the Planck’s estimation [74] and the inclusion of GW to
CMB again improves the parameter space, but slightly
(see the lower half of Table II). However, significant im-
provement is found in the estimation of σ8 where one
can notice that the inclusion of GW to CMB reduces the
error bars by several factors. Concerning the two key
parameters of this model, namely, w0 and wa, the effects
of GW to CMB are quite evident. The addition of GW
to CMB significantly improves the parameter space by
reducing the error bars: w0 = −1.218+0.302−0.597 (68% CL,
CMB) and w0 = −1.168+0.180−0.212 (68% CL, CMB+GW).
Although the deviation in the mean value of w0, defined
by |∆w0| = |w0(CMB)−w0(CMB + GW)| = 0.05, is very
small, but the effective nature of GW is visible through
its constraining power in terms of the reduction of the
error bars on w0. Overall, the inclusion of GW to CMB
shifts w0 towards −1 boundary, although its phantom
nature is still allowed within 68% CL. The constraints
on wa for CMB alone is not stringent (the upper linit is
wa < 0.526 at 95% CL), but the inclusion of GW again
reduces its error bars with wa = −1.081+0.842−0.640 (68% CL,
CMB+GW). In fact, the power of GW is clear from both
the 1D posterior distributions of some parameters as well
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FIG. 3: 68% and 95% CL contour plots for various combinations of some selected parameters of the CPL model (10) using
different observational data in presence (absence) of the GW data.
as the 2D contour plots shown in the top left panel of Fig.
3. From this figure (top left panel of Fig. 3), one can
clearly understand that a significant improvement in the
parameter space is due to the inclusion of GW to CMB.
We now present the cosmological constraints from
CMB+BAO and CMB+BAO+GW. With these, we
could be able to see how GW data affect this partic-
ular combination. The summary of the observational
constraints are shown in the third column of Table II
and the corresponding grapgical variations are shown
in the top right panel of Fig. 3. From the table,
one can see that the inclusion of BAO to both CMB
and CMB+GW, lowers H0 returning similar mean val-
ues as follows, H0 = 64.36
+2.05
−3.23 (68%, CMB+BAO) and
H0 = 63.77
+1.37
−1.52 (68%, CMB+BAO+GW). The error
bars on H0 is reduced after the inclusion of GW data.
One can also notice that for both the analyses, w0 allows
very higher values and wa takes very lower values, ex-
actly same as recently found in [93]. The interesting fact
is that, after the inclusion of BAO to CMB, all the pa-
rameters are correlated with each other (see the top right
panel of 3), and this remains true even after the inclusion
of GW to the combined analysis CMB+BAO. But, in-
deed, it is quite clear that the dataset CMB+BAO+GW
provides better constraints than CMB+BAO.
We now discuss the cosmological constraints in
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FIG. 4: The evolution of the dark energy equation of state for the CPL parametrziation is shown for different datasets taking
the mean values of the key parameters w0 and wa from the corresponding analysis with and without the GW data. The solid
curves stand for the evolution of wx(z) for the standard cosmological probes while the dotted curves stand for the dataset in
presence of the GW data. The shaded regions show the 68% CL constraints on these two parameters.
presence of the JLA data to the previous datasets,
that means, precisely we discuss the constraints from
CMB+BAO+JLA and CMB+BAO+JLA+GW. The
summary of the observational constraints is shown in the
fourth column of Table II and the graphical distributions
are shown in the bottom left panel of Fig. 3. From this
analysis, it is again clear that the inclusion of GW data
reduces the error bars on all the parameters. In partic-
ular, one can see the 68% CL constraints on the Hub-
ble constant as, H0 = 67.94
+1.09
−1.08 (CMB+BAO+JLA),
H0 = 66.98
+0.55
−0.55 (CMB+BAO+JLA+GW) which show
that the inclusion of GW shifts H0 towards its lower
values and the error bars are reduced by a factor of 2.
Concerning the two key parameters of this model, that
means, w0 and wa, we have some interesting observa-
tion. We see that for both the combinations, w0 ap-
proaches near the ‘−1’ border with w0 = −0.909+0.095−0.123
(68% CL, CMB+BAO+JLA) and w0 = −0.904+0.070−0.080
(68% CL, CMB+BAO+JLA+GW). From the highest
peak of the 1D posterior distributions of w0 (see the bot-
tom left panel of Fig. 3) for both the datasets, w0 > −1 is
strongly supported while the tails of the posterior distri-
butions of this parameter are lying from quintessence to
the phantom regime due to the error bars on w0. The im-
provement in wa is also transparent: wa = −0.409+0.517−0.277
(68% CL, CMB+BAO+JLA) and wa = −0.256+0.263−0.227
(68% CL, CMB+BAO+JLA+GW). So, from both the
observational datasets, dynamical nature is allowed while
one can also note that, wa = 0 is also not excluded in
68% CL. Finally, we mention the correlations between
the parameters clearly shown in the bottom left panel of
Fig. 3, where we see that such correlations are not af-
fected by the GW data. However, we mention that the
inclusion of JLA decreases the correlation between some
of the combinations of the parameters. And in particu-
lar, we find that some of parameters are uncorrelated, for
instance, we see that σ8 seems to be uncorrelated with
w0 and wa.
We now discuss the last two analyses for this model,
namely with CMB+BAO+JLA+CC and its companion
CMB+BAO+JLA+CC+GW. The summary of the ob-
servational constraints is shown in the last column of
Table II and in the bottom right panel of Fig. 3 we
compare these datasets. From the analysis, we clearly
notice that the inclusion of the GW data improves the
parameters space in an effective way. In fact, the max-
imum effects are seen in H0 and Ωm0 (see the 1D pos-
terior distributions of these parameters as well). In par-
ticular, one can look at the improvements of the Hub-
ble parameter after the inclusion of GW data: H0 =
67.92+1.09−1.09 (68%, CMB+BAO+JLA+CC) and H0 =
67.72+0.36−0.35 (68% CL, CMB+BAO+JLA+CC+GW). Fur-
thermore, the estimations of other parameters can
also be visualized in a similar fashion. Concerning
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FIG. 5: For the fiducial logarithmic model, we first constrain the cosmological parameters using the datasets CMB, CMB+BAO,
CMB+BAO+JLA and CMB+BAO+JLA+CC and then we use the best-fit values of the parameters for “each dataset” to
generate the corresponding GW catalogue. Following this, in each panel we show dL(z) vs z catalogue with the corresponding
error bars for 1000 simulated GW events. The upper left and upper right panels respectively present the catalogue (z, dL(z)) with
the corresponding error bars for 1000 simulated GW events derived using the CMB alone and CMB+BAO dataset. The lower
left and lower right panels respectively present the catalogue (z, dL(z)) with the corresponding error bars for 1000 simulated
GW events derived using the CMB+BAO+JLA and CMB+BAO+JLA+CC datasets.
the key parameters of this parametrization, namely,
(w0, wa), we observe significant changes on their con-
straints. Looking at the 68% CL costraints on w0
where w0 = −0.909+0.099−0.116 (CMB+BAO+JLA+CC) and
w0 = −0.902+0.064−0.062 (CMB+BAO+JLA+CC+GW), one
can see that after the inclusion of GW the at 68% upper
CL error bars on w0 are reduced by a factor of 2. For
the other parameter wa: wa = −0.399+0.423−0.297 (68% CL,
CMB+BAO+JLA+CC) and wa = −0.373+0.263−0.226 (68%
CL, CMB+BAO+JLA+CC+GW), although the reduc-
tion of the error bars are not much significant compared
to w0, however, such improvements are clearly visualized.
Moreover, looking at the constraints on w0, one can also
argue that for both the datasets, the dark energy equa-
tion of state at present exhibits its quintessential nature
(i.e., w0 > −1). This feature is actually clear if one looks
at the highest peaks of the 1D posterior distributions
of w0 in Fig. 3 (see the bottom right panel of this fig-
ure). Additionally, we find that for the final combination,
that means for CMB+BAO+JLA+CC+GW, within 68%
CL, wa 6= 0. It means that a dynamical character is al-
lowed within this confidence level. Concerning the cor-
relations between the parameters, one may draw similar
conclusions as found in previous two datasets, namely,
CMB+BAO+JLA and CMB+BAO+JLA+GW.
Finally, using the mean values of (w0, wa) from all the
datasets, in Fig. 4 we have shown the qualitative evolu-
tion of the dark energy equation of state wx(z) for this
model. The solid lines in each plot stand for the wx(z)
curve for the usual cosmological probe and the dotted
lines depict the evolution of wx(z) in presence of the GW
data. In each plot the shaded regions (with similar col-
ors to the corresponding curves) present the 68% regions
for the parameters w0, wa corresponding to each dataset
(with or without the GW data). From this figure (i.e.,
Fig. 4) one can see the addition of GW to the stan-
dard cosmological data certainly improves the parameter
space. The maximum effects of GW are visible with the
CMB alone data.
5.2. Logarithmic parametrization
In a similar fashion, we constrain the Logarithmic
parametrization (11) using the standard cosmological
probes, such as CMB, BAO, JLA and CC (summarized
in the upper half of the Table III), and then using the
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Parameters CMB CMB+BAO CMB+BAO+JLA CMB+BAO+JLA+CC
Ωch
2 0.1190+0.0014+0.0028−0.0014−0.0027 0.1193
+0.0013+0.0026
−0.0014−0.0026 0.1193
+0.0013+0.0025
−0.0014−0.0025 0.1192
+0.0012+0.0026
−0.0013−0.0025
Ωbh
2 0.02229+0.00016+0.00031−0.00016−0.00031 0.02225
+0.00015+0.00031
−0.00015−0.00030 0.02226
+0.00015+0.00030
−0.00015−0.00029 0.02226
+0.00015+0.00030
−0.00015−0.00030
100θMC 1.04081
+0.00033+0.00065
−0.00032−0.00066 1.04075
+0.00032+0.00065
−0.00032−0.00065 1.04075
+0.00032+0.00062
−0.00033−0.00065 1.04078
+0.00031+0.00059
−0.00032−0.00065
τ 0.074+0.017+0.034−0.017−0.034 0.076
+0.018+0.033
−0.017−0.034 0.078
+0.017+0.034
−0.017−0.033 0.079
+0.018+0.033
−0.017−0.034
ns 0.9668
+0.0045+0.0087
−0.0045−0.0090 0.9659
+0.0045+0.0089
−0.0045−0.0087 0.9661
+0.0043+0.0088
−0.0044−0.0085 0.9663
+0.0043+0.0087
−0.0042−0.0085
ln(1010As) 3.081
+0.034+0.067
−0.034−0.067 3.085
+0.035+0.065
−0.034−0.068 3.089
+0.0334+0.0646
−0.0335−0.0671 3.091
+0.034+0.065
−0.034−0.066
w0 −1.058+0.354+0.865−0.550−0.759 −0.429+0.265+0.429−0.223−0.386 −0.895+0.084+0.177−0.098−0.169 −0.894+0.072+0.166−0.097−0.158
wa −1.579+1.579+1.579−1.421−1.421 −1.301+0.549+0.979−0.570−0.967 −0.365+0.365+0.365−0.083−0.450 −0.352+0.293+0.352−0.137−0.416
Ωm0 0.219
+0.030+0.136
−0.082−0.097 0.356
+0.026+0.043
−0.024−0.047 0.308
+0.010+0.021
−0.011−0.021 0.309
+0.010+0.020
−0.010−0.019
σ8 0.959
+0.122+0.152
−0.067−0.176 0.795
+0.023+0.048
−0.026−0.044 0.835
+0.017+0.034
−0.018−0.034 0.835
+0.017+0.033
−0.017−0.035
H0 82.78
+15.48+18.54
−8.34−20.63 63.30
+1.87+4.32
−2.52−4.02 67.93
+1.11+2.22
−1.19−2.18 67.84
+1.05+2.13
−1.14−2.01
Parameters CMB+GW CMB+BAO+GW CMB+BAO+JLA+GW CMB+BAO+JLA+CC+GW
Ωch
2 0.1179+0.0012+0.0023−0.0012−0.0023 0.1192
+0.0013+0.0026
−0.0013−0.0027 0.1194
+0.0012+0.0026
−0.0013−0.0025 0.1192
+0.0012+0.0024
−0.0012−0.0023
Ωbh
2 0.02241+0.00013+0.00029−0.00014−0.00027 0.02228
+0.00015+0.00030
−0.00015−0.00028 0.02227
+0.00015+0.00030
−0.00015−0.00030 0.02224
+0.00015+0.00028
−0.00014−0.00027
100θMC 1.04101
+0.00032+0.00060
−0.00031−0.00060 1.04079
+0.00033+0.00063
−0.00032−0.00063 1.04077
+0.00031+0.00062
−0.00031−0.00061 1.04076
+0.00032+0.00061
−0.00031−0.00061
τ 0.082+0.017+0.034−0.017−0.034 0.078
+0.017+0.034
−0.018−0.034 0.078
+0.017+0.033
−0.017−0.033 0.079
+0.017+0.034
−0.017−0.034
ns 0.9698
+0.004+0.009
−0.004−0.008 0.9667
+0.0045+0.0089
−0.0045−0.0089 0.9658
+0.0043+0.0086
−0.0043−0.0083 0.9660
+0.0041+0.0081
−0.0041−0.0081
ln(1010As) 3.095
+0.034+0.066
−0.034−0.067 3.090
+0.034+0.066
−0.034−0.067 3.089
+0.033+0.064
−0.033−0.064 3.090
+0.033+0.066
−0.033−0.067
w0 −1.056+0.179+0.356−0.196−0.344 −0.607+0.172+0.348−0.186−0.336 −0.919+0.071+0.152−0.085−0.138 −0.902+0.057+0.139−0.078−0.126
wa −1.500+0.718+1.133−0.571−1.275 −0.955+0.543+0.897−0.388−0.848 −0.399+0.251+0.388−0.172−0.391 −0.252+0.220+0.252−0.089−0.309
Ωm0 0.207
+0.009+0.017
−0.009−0.016 0.335
+0.015+0.031
−0.015−0.030 0.300
+0.007+0.014
−0.007−0.013 0.316
+0.006+0.014
−0.007−0.013
σ8 0.959
+0.020+0.040
−0.020−0.039 0.812
+0.017+0.034
−0.017−0.033 0.845
+0.015+0.032
−0.017−0.030 0.827
+0.016+0.031
−0.016−0.030
H0 82.57
+1.66+3.25
−1.65−3.10 65.19
+1.31+2.83
−1.48−2.65 68.88
+0.73+1.47
−0.76−1.43 67.11
+0.68+1.37
−0.69−1.37
TABLE III: 68% and 95% CL constraints on the Logarithmic parametrization (11) using various combinations of the obser-
vational data with and without the GW data. The upper panel represents the constraints without the GW data while in the
lower panel we present the corresponding constraints using the GW data. Here, Ωm0 is the present value of Ωm = Ωb + Ωc and
H0 is in the units of km s
−1Mpc−1.
best-fit values of the model parameters, we have gener-
ated the GW catalogue comprising 1000 simulated GW
events. In Fig. 5, we have shown the relation dL(z) vs z
for the 1000 simulated GW events. Now, using the simu-
lated GW events with the standard cosmological probes,
we have constrained this parametrization. The summary
of the observational constraints on the CPL model after
the inclusion of the simulated GW data are shown in the
lower half of Table III.
In Fig. 6 we show the 1D marginalized posterior dis-
tributions for some specific parameters of this model as
well as the 2D contour plots considering several combi-
nations of the model parameters. From a first look at the
upper and lower halves of Table III, one could clearly see
that the inclusion of GW data to the standard cosmo-
logical probes significantly improves the model parame-
ters of this parametrization, a similar observation already
found in CPL parametrization. Let us now describe
how GW works with different observational datasets pre-
sented here.
We begin the analyses with CMB data alone and
CMB+GW. The results of both the analyses are sum-
marized in the second column of Table III. In the top
left panel of Fig. 6, we compare the constaints on the
model parameters from the datasets from which one can
clearly see that the inclusion of GW data significantly
reduces the error bars on the model parameters. In par-
ticular, one can notice that both the datasets (CMB and
CMB+GW) return very high values of the Hubble con-
stant with similar mean values while the error bars on
H0 are reduced significantly after the inclusion of GW to
CMB. As one can see that, H0 = 82.78
+15.48
−8.34 (68% CL,
CMB) and H0 = 82.57
+1.66
−1.65 (68% CL, CMB+GW). It
shows that the inclusion of GW reduces the error bars
by a factor more than 5. In fact, for 68% upper CL
errors, this reduction is very very high. The dark en-
ergy equation of state at present, i.e., w0 is constrained
to be very close to the cosmological constant boundary
‘w0 = −1’ from both the datasets. One can see that, at
68% CL CMB data alone constrain, w0 = −1.058+0.354−0.550
while for CMB+GW, w0 = −1.056+0.179−0.196 (68% CL). This
clearly shows that the addition of GW to CMB signifi-
cantly reduces the error bars on w0, almost by a factor
(not less than) of 2 and thus reflects the constraining
power of GW. Concerning the another free parameter
of the model, wa, we find that CMB alone cannot con-
strain it while the inclusion of GW could constrain it well
with wa = −1.500+0.718−0.571 (68% CL, CMB+GW). So, this
clearly reflects the constraining power of GW.
We note that the constraints on wa are not so stringent
due to high error bars. Furthermore, the correlations
between the parameters (see the top left panel of Fig. 6)
follow a similar trend as seen for the same datasets with
CPL model (i.e., top left panel of Fig. 3). Overall, the
constraining power of GW is quite clear from the results.
When BAO is added to CMB (see the third column
of Table III summarizing the results), we find that H0
is significantly lowered with small error bars compared
to the constraints from CMB giving, H0 = 63.30
+1.87
−2.52
(68% CL, CMB+BAO), and when the GW is added to
CMB+BAO, the error bars are further decreased, but
the mean value of H0 slightly increases with, H0 =
13
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FIG. 6: In this figure we have shown the 68% and 95% confidence-level contour plots for various combinations of some selected
parameters of the Logarithmic parametrization (11) using different observational data in presence (absence) of the GW data.
65.19+1.31−1.48 (68% CL, CMB+BAO+GW). The constraints
on Ωm0 are significantly high for both the datasets
(Ωm0 = 0.356
+0.026
−0.024 at 68% CL for CMB+BAO, and
Ωm0 = 0.335
+0.015
−0.015 at 68% CL for CMB+BAO+GW),
similar to what we found for the CPL parametrization
with the same datasets (we refer to the third colum of
Table II for comparisons). Concerning the key param-
eters w0, wa of the model, we see that w0 is very far
from w0 = −1 and wa is very high (considering its mag-
nitude). In Fig. 6 we have compared the constraints
between the datasets from which we can see that the pa-
rameters are correlated with each other. This result has
already been found for the CPL parametrization with
the same datasets (compare the top right panels of Fig.
3 and 6).
We now discuss the next analyses with JLA. In partic-
ular, we focus on the constraints from CMB+BAO+JLA
and CMB+BAO+JLA+GW. The results are summa-
rized in the third column of Table III and in the bot-
tom left panel of Fig. 6 we compare the constraints
from the datasets. We see that the inclusion of JLA
improves the constraints from CMB+BAO, that means,
the constraints from CMB+BAO+JLA are more strin-
gent than CMB+BAO and the inclusion of GW gives
more finest constraints on the parameters. Specifically,
looking at the constraints on the Hubble constant given
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FIG. 7: The evolution of the dark energy equation of state for the Logarithmic parametrization has been shown for different
datasets taking the mean values of the key parameters w0 and wa from the analyses with and without the GW data. The solid
curves stand for the evolution of wx(z) for the standard cosmological probes while the dotted curves for the dataset in presence
of the GW data. The shaded regions show the 68% CL constraints on these two parameters.
by, H0 = 67.93
+1.11
−1.19 (68% CL, CMB+BAO+JLA) and
H0 = 68.88
+0.73
−0.76 (68% CL, CMB+BAO+JLA+GW),
one can see that the inclusion of GW shifts H0 to-
wards its higher values with lower error bars. Con-
cerning the dark energy equation of state at present,
w0, we see that for CMB+BAO+JLA dataset, w0 =
−0.895+0.084−0.098 (68% CL) and w0 = −0.919+0.071−0.085 (68%
CL, CMB+BAO+JLA+GW). It shows that the inclu-
sion of GW shifts the dark energy equaton of state to-
wards the cosmological constant boundary with some
improvements in the error bars. More precisely, look-
ing at the 1D posterior distributions for w0 shown in
the bottom left panel of Fig. 6, one can see that the
highest peaks of w0 are quintessential. We also find
that the constraints on wa are significantly lowered (con-
sidering its magnitude) compared to the previous two
datasets, namley, CMB (and its companion CMB+GW)
and CMB+BAO (and its companion CMB+BAO+GW).
In particular, the estimations are, wa = −0.365+0.365−0.083
(68% CL, CMB+BAO+JLA) and wa = −0.399+0.251−0.172
(68% CL, CMB+BAO+JLA+GW). Now, finally, look-
ing the the lower left panel of Fig. 6 one can say that the
correlations between the parameters σ8 and wa seems to
be absent while the correlations (either positive or neg-
ative) with others are still existing after the inclusion of
JLA. We would also like to remark that such correlations
are not affected by the GW data.
We finish the observational analyses after the inclusion
of the Hubble parameter measurements from CC to
the previous dataset CMB+BAO+JLA. The results
are summarized in the last cloumn of Table III and
the bottom right panel of Fig. 6 corresponds to the
comparisons between the datasets. We find that almost
all parameters are constrained in a similar way to
CMB+BAO+JLA except the key parameters w0, wa
where we have some different observations. We find
here for both the datasets, w0 > −1 strictly at 68% CL,
this is different from the previous analyses where for
CMB+BAO+JLA+GW, w0 < −1 was allowed at 68%
CL. But of course the highest peaks of the 1D posterior
distributions of w0 for both CMB+BAO+JLA+CC
and its companion CMB+BAO+JLA+CC+GW
are in favour of a quintessential dark energy at
present. The parameter wa becomes more strin-
gent than its estimation from CMB+BAO+JLA
reducing error bars: wa = −0.352+0.293−0.137 (68% CL,
CMB+BAO+JLA+CC) and wa = −0.252+0.220−0.089
(68% CL, CMB+BAO+JLA+CC+GW) which
show that the standard cosmological probe (i.e.,
CMB+BAO+JLA+CC) allow wa = 0, in 68% CL, but
the inclusion of GW changes this conclusion favoring the
dynamical DE for this parametrization within 68% CL.
Last but not least, in Fig. 7, we have shown the evo-
lution of the dark energy state for this parametrization
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using the mean values of w0 and wa for the observational
datasets employed in the work. The solid lines in each
plot stand for the wx(z) curve using the usual cosmolog-
ical probe and the dotted lines represent the evolution
of wx(z) in presence of the GW data. In each plot the
shaded regions (with similar colors to the correspond-
ing curves) present the 68% regions for the parameters
w0, wa corresponding to each dataset (with or without
the GW data). This figure gives a qualitative nature of
this dark energy equation of state in a nutshell. As one
can see that the inclusion of GW to the standard cosmo-
logical data certainly improves the parameter space. The
maximum effects of GW are visible with the CMB alone
data.
5.3. JBP parametrization
We now discuss the observational constraints on the
JBP parametrization (12) in order to investigate the ef-
fects of GW data on the cosmological parameters of this
model. We first constrain this parametrization using the
standard cosmological probes (summarized in the upper
half of the Table IV), and then using the best-fit values
of the model parameters, we generate the GW catalogue
comprising 1000 simulated GW events. In Fig. 8, we
have shown the relation dL(z) vs z for the 1000 simulated
GW events. Now, taking into account the simulated GW
events with the standard cosmological probes, we have
constrained the model parameters which are summarized
in the lower half of Table II. Following a similar strategy,
we display Fig. 9 that clearly depicts the effects of GW
on the cosmological parameters.
We first discuss the constraints from the CMB data
alone and the CMB+GW dataset summarized in the sec-
ond column of Table IV. In the top left panel of Fig. 9,
we present the comparisons between the observational
constraints obtained from these two datasets. Our anal-
yses report that for both the datasets, H0 assumes very
high values with H0 = 84.01
+13.21
−7.82 (68% CL, CMB) and
H0 = 82.73
+0.49
−0.54 (68% CL, CMB+GW). Clearly, one can
see that the inclusion of simulated GW data decreases
the error bars on H0 by a factor of at least 15. This is
one of the interesting conclusions and similar conclusion
has been found in earlier dark energy parametrizations
such as CPL and Logarithmic. The reduction in the error
bars for other cosmological parameters are equally true
after the inclusion of the simulated GW data, see the top
left panel of Fig. 9 for a better viewing. Similar effects
on the key two free parameters of this model, namely, w0
and wa are observed. An interesting remark might be the
allowance of phantom nature of w0 by both the datasets,
namely, CMB and CMB+GW at more than 68% CL.
Moreover, the highest peaks of the 1D posteriror distri-
butions of w0 for both the datasets, namely, CMB and
CMB+GW, the phantom nature of w0 is strongly sug-
gested. Concerning the wa parameter, we note that the
addition of GW to CMB, in a similar fashion improves
its parameter space (see the top left panel of Fig. 9).
The inclusion of BAO to the former datasets works
in a similar fashion as observed in the previous two
parametrizations. The results of the analyses are sum-
marized in the third column of Table IV while we com-
pare the constraints in the top right panel of Fig. 9.
From this figure (i.e., the top right panel of Fig. 9),
we can see that the parameters shown there are cor-
related with each other, where one may perhaps rec-
ognize that the correlation between wa and σ8 is rela-
tively low compared to other combinations in this figure.
There is one more point that we should remark here.
Although H0 assumes slightly lower values that the esti-
mation from Planck’s team but compared to the previ-
ous two dynamical DE parametrizations, H0 is relatively
higher, H0 = 66.29
+1.58
−2.26 and H0 = 66.54
+0.89
−1.41 (68% CL,
CMB+BAO). Similar effects are seen in the estimations
of the present day matter density parameter Ωm0.
Let us now discuss the observational con-
straints from CMB+BAO+JLA and its companion
CMB+BAO+JLA+GW. The fourth column of Table
IV summarizes the constraints on the parameters and
the bottom left panel of Fig. 9 corresponds to the
comparison of the datasets. From the figure (i.e.,
bottom left panel of Fig. 9) we see that although the
correlations between the parameters are present, but σ8
does not seem to be correlated with w0, wa, at least,
a very mild correlation might be present which is not
pronounced from the plots. The Hubble constant is
shifted towards the higher values after the inclusion of
GW and the error bars are reduced slightly. This feature
has been observed in other parametrizations. Looking
at the dark energy equation of state at present, w0,
we see that indeed the inclusion of GW improves the
constraints on w0 but not significantly. From the 1D
posterior distributions of w0 (see the bottom left panel
of Fig. 9), it is indeed seen that the highest peaks of
w0 for both the datasets are very very close to −1, that
means the cosmological constant is favoured. Further-
more, when GW data are added, a very minimal shift
of the higest peak of w0 towards quintessence regime
is observed. On the other hand, from the numerical
estimations of the wa parameter, wa = −0.508+1.017−0.622
(68% CL, CMB+BAO+JLA) and wa = −0.683+0.828−0.549
(68% CL, CMB+BAO+JLA+GW), one can clearly
see that the inclusion of JLA to the previous dataset
CMB+BAO reduces the magnitude of wa. However, due
to the very large error bars on wa, the case wa = 0 is
definitely allowed within 68% CL. We also notice that
for CMB+BAO+JLA+GW, the highest peak of the 1D
posterior distribution of wa (see the bottom left panel of
Fig. 9) is shifted towards more nagative values compared
to the highest peak of wa for CMB+BAO+JLA. This is
true because here w0 and wa are negatively correlated,
see again the (w0, wa) plane shown in the bottom left
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Parameters CMB CMB+BAO CMB+BAO+JLA CMB+BAO+JLA+CC
Ωch
2 0.1191+0.0014+0.0029−0.0014−0.0028 0.1187
+0.0013+0.0025
−0.0013−0.0024 0.1188
+0.0013+0.0025
−0.0013−0.0026 0.1189
+0.0013+0.0025
−0.0012−0.0025
Ωbh
2 0.02228+0.00015+0.00031−0.00016−0.00031 0.02229
+0.00015+0.00030
−0.00015−0.00029 0.02229
+0.00014+0.00029
−0.00014−0.00028 0.02229
+0.00014+0.00030
−0.00014−0.00030
100θMC 1.04080
+0.00035+0.00064
−0.00033−0.00066 1.04084
+0.00031+0.00063
−0.00032−0.00061 1.04084
+0.00031+0.00063
−0.00030−0.00061 1.04083
+0.00031+0.00063
−0.00030−0.00059
τ 0.076+0.018+0.034−0.018−0.035 0.083
+0.017+0.033
−0.017−0.033 0.081
+0.017+0.034
−0.017−0.035 0.081
+0.018+0.033
−0.017−0.033
ns 0.9664
+0.0045+0.0090
−0.0046−0.0091 0.9676
+0.0044+0.0085
−0.0044−0.0087 0.9673
+0.0043+0.0084
−0.0043−0.0083 0.9671
+0.0044+0.0089
−0.0044−0.0084
ln(1010As) 3.084
+0.036+0.066
−0.035−0.068 3.097
+0.034+0.064
−0.034−0.066 3.093
+0.034+0.067
−0.034−0.068 3.095
+0.034+0.066
−0.033−0.065
w0 −1.423+0.220+0.674−0.491−0.577 −0.692+0.279+0.346−0.144−0.423 −0.932+0.115+0.293−0.177−0.255 −0.893+0.120+0.268−0.148−0.247
wa < 3 < 0.214 −0.508+1.017+1.424−0.622−1.734 −0.737+0.839+1.446−0.689−1.514
Ωm0 0.210
+0.027+0.115
−0.069−0.085 0.323
+0.021+0.034
−0.017−0.036 0.306
+0.010+0.021
−0.010−0.019 0.307
+0.010+0.019
−0.010−0.018
σ8 0.967
+0.106+0.141
−0.062−0.161 0.819
+0.022+0.045
−0.023−0.045 0.832
+0.018+0.035
−0.018−0.035 0.833
+0.018+0.035
−0.018−0.035
H0 84.01
+13.21+17.11
−7.82−18.75 66.29
+1.58+3.80
−2.26−3.54 68.07
+1.08+2.15
−1.09−2.15 67.95
+1.05+2.09
−1.04−2.00
Parameters CMB+GW CMB+BAO+GW CMB+BAO+JLA+GW CMB+BAO+JLA+CC+GW
Ωch
2 0.1182+0.0011+0.0023−0.0012−0.0023 0.1186
+0.0012+0.0024
−0.0012−0.0025 0.1190
+0.0012+0.0023
−0.0012−0.0024 0.1189
+0.0013+0.0024
−0.0013−0.0024
Ωbh
2 0.02238+0.00013+0.00027−0.00014−0.00027 0.02232
+0.00014+0.00030
−0.00016−0.00028 0.02229
+0.00014+0.00028
−0.00014−0.00029 0.02225
+0.00014+0.00029
−0.00014−0.00029
100θMC 1.04095
+0.00031+0.00059
−0.00031−0.00060 1.04088
+0.00031+0.00060
−0.00031−0.00061 1.04081
+0.00031+0.00059
−0.00031−0.00059 1.04077
+0.00032+0.00061
−0.00032−0.00062
τ 0.080+0.017+0.033−0.017−0.033 0.083
+0.018+0.034
−0.018−0.034 0.081
+0.018+0.032
−0.016−0.034 0.082
+0.017+0.032
−0.017−0.033
ns 0.9689
+0.0041+0.0081
−0.0042−0.0081 0.9680
+0.0042+0.0081
−0.0042−0.0084 0.9667
+0.0041+0.0084
−0.0042−0.0082 0.9669
+0.0041+0.0087
−0.0042−0.0084
ln(1010As) 3.092
+0.033+0.065
−0.033−0.065 3.098
+0.035+0.065
−0.035−0.066 3.094
+0.035+0.062
−0.032−0.066 3.097
+0.032+0.064
−0.033−0.064
w0 −1.213+0.152+0.218−0.097−0.240 −0.672+0.234+0.286−0.106−0.370 −0.925+0.108+0.225−0.131−0.220 −0.982+0.080+0.215−0.132−0.193
wa < −0.126 < −0.019 −0.683+0.828+1.234−0.549−1.346 −0.029+0.755+1.003−0.391−1.141
Ωm0 0.206
+0.003+0.006
−0.003−0.006 0.320
+0.014+0.020
−0.009−0.023 0.302
+0.006+0.012
−0.007−0.011 0.314
+0.007+0.015
−0.008−0.014
σ8 0.957
+0.016+0.032
−0.016−0.033 0.821
+0.017+0.036
−0.017−0.034 0.840
+0.016+0.029
−0.014−0.030 0.826
+0.017+0.030
−0.015−0.032
H0 82.73
+0.49+1.02
−0.54−0.97 66.54
+0.89+2.42
−1.41−2.08 68.60
+0.61+1.22
−0.60−1.19 67.19
+0.79+1.40
−0.71−1.50
TABLE IV: Observational constraints at 68% and 95% confidence levels for the JBP parametrization (12) using various
combinations of the observational data with and without the GW data. The upper panel represents the constraints on the
model without the GW data while in the lower panel we present the corresponding constraints using the GW data. For the wa
parameter the sign ‘<’ denotes that we report its 95% CL constraint. Here Ωm0 is the present value of Ωm = Ωb + Ωc and H0
is in the units of km s−1Mpc−1.
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FIG. 8: For the fiducial JBP model, we first constrain the cosmological parameters using the datasets CMB, CMB+BAO,
CMB+BAO+JLA and CMB+BAO+JLA+CC and then we use the best-fit values of the parameters for “each dataset” to
generate the corresponding GW catalogue. Following this, in each panel we show dL(z) vs z catalogue with the corresponding
error bars for 1000 simulated GW events. The upper left and upper right panels respectively present the catalogue (z, dL(z)) with
the corresponding error bars for 1000 simulated GW events derived using the CMB alone and CMB+BAO dataset. The lower
left and lower right panels respectively present the catalogue (z, dL(z)) with the corresponding error bars for 1000 simulated
GW events derived using the CMB+BAO+JLA and CMB+BAO+JLA+CC datasets.
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FIG. 9: 68% and 95% CL contour plots for various combinations of some selected parameters of the JBP model (12) using
different observational data in presence (absence) of the GW data.
panel of Fig. 9.
Finally, we come up with the last two
analyses, namely, CMB+BAO+JLA+CC and
CMB+BAO+JLA+CC+GW. The results are summa-
rized in the last column of Table IV and in the bottom
right corner of Fig. 9, we compare these datasets. The
only surprising result is observed in the constraints on
one of the key parameters of this model, namely, wa
where we find that the 68% constraints on this param-
eter are, wa = −0.737+0.839−0.689 (CMB+BAO+JLA+CC)
and wa = −0.029+0.755−0.391. One can clearly visualize the
effect of GW onto this parameter where precisely the
estimated value of wa is remarkably lowered together
with significant reduction of its error bars. This is
an interesting result and we remark that the previous
two dynamical DE parametrizations, namely, CPL and
Logarithmic did not exhibit such behaviour. We further
note that although the mean values of w0 attained
from both the datasets are non-phantom, however,
from the 1D posterior distributions of w0 (bottom right
corner of Fig. 9), we see that the inclusion of GW to
CMB+BAO+JLA+CC shifts the highest peak of w0
towards the phantom regime.
We close this analysis with the Fig. 10, where we
present the qualitative evolution of the dark energy equa-
tion of state for this parametrization using the mean
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FIG. 10: The evolution of the dark energy equation of state for the JBP parametrziation has been shown for different datasets
taking the mean values of the key parameters w0 and wa from the analyses with and without the GW data. The solid curves
stand for the evolution of wx(z) for the standard cosmological probes while the dotted curves for the dataset in presence of the
GW data. The shaded regions show the 68% CL constraints on these two parameters.
values of w0 and wa obtained from the observational
datasets employed in the work. The solid lines in each
plot stand for the wx(z) curve using the usual cosmolog-
ical probe and the dotted lines represent the evolution
of wx(z) in presence of the GW data. In each plot the
shaded regions (with similar colors to the corresponding
curves) present the 68% regions for the parameters w0, wa
corresponding to each dataset (with or without the GW
data). From the graphs, one can clearly see how GW data
affect the cosmological parameters. The maximum effects
of GW are seen from the CMB alone case. We note that
the dotted curve for CMB+BAO+JLA+CC+GW (see
the bottom right graph of Fig. 10) is almost a straight
line wx(z) = −1.
5.4. Barboza-Alcaniz parametrization
Finally, we confront the Barboza-Alcaniz parametriza-
tion (13) following a similar pattern performed for other
three dynamical DE parametrizations.
We use the standard cosmological probes, such as
CMB, BAO, JLA and CC to constrain the parameter
space of this model (summarized in the upper half of the
Table V), and then using the best-fit values of the model
parameters, we have generated the GW catalogue com-
prising 1000 simulated GW events. In Fig. 11, we have
shown the relation dL(z) vs z for the 1000 simulated GW
events. Now, using the simulated GW events with the
standard cosmological probes, we have constrained this
parametrization. The summary of the observational con-
straints on this model after the inclusion of the simulated
GW data are shown in the lower half of Table V.
In Fig. 12 we present the graphical behaviour between
the free parameters of the model aiming to display the
effects of GW on the cosmological parameters. From Ta-
ble V, we again see that the inclusion of simulated GW
data remarkably decrease the error bars on the parame-
ters. Apart from that, this parametrization gives some
interesting features that will be described soon.
Following the similar pattern, we begin the analyses
using the CMB data and CMB+GW data. The re-
sults can be found in the second column of Table V and
for these datasets, we have made a comparison in the
top left panel of Fig. 12. From the analyses, one can
visualize that the estimations of the Hubble constant
from both the datasets are quite high, similar to what
we have found in previous three dynamical dark energy
parametrizations. For this parametrization, we find that,
H0 = 83.55
+14.43
−7.20 (68% CL, CMB) and H0 = 82.12
+1.34
−1.32
(68% CL, CMB+GW). As one can see that inclusion of
GW to CMB reduces the error bars almost by a factor
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Parameters CMB CMB+BAO CMB+BAO+JLA CMB+BAO+JLA+CC
Ωch
2 0.1191+0.0014+0.0028−0.0014−0.0027 0.1190
+0.0013+0.0026
−0.0014−0.0025 0.1192
+0.0013+0.0027
−0.0013−0.0027 0.1189
+0.0012+0.0024
−0.0013−0.0025
Ωbh
2 0.02228+0.00016+0.00031−0.00015−0.00030 0.02227
+0.00015+0.00029
−0.00015−0.00028 0.02226
+0.00015+0.00030
−0.00015−0.00029 0.02229
+0.00015+0.00030
−0.00015−0.00028
100θMC 1.04079
+0.00033+0.00063
−0.00033−0.00065 1.04080
+0.00032+0.00061
−0.00031−0.00061 1.04077
+0.00032+0.00065
−0.00032−0.00064 1.04081
+0.00031+0.00061
−0.00031−0.00061
τ 0.076+0.017+0.034−0.017−0.033 0.079
+0.017+0.033
−0.017−0.034 0.079
+0.018+0.033
−0.018−0.034 0.082
+0.017+0.034
−0.019−0.033
ns 0.9665
+0.0046+0.0087
−0.0045−0.0089 0.9668
+0.0042+0.0090
−0.0045−0.0084 0.9662
+0.0044+0.0090
−0.0044−0.0087 0.9673
+0.0042+0.0087
−0.0041−0.0085
ln(1010As) 3.085
+0.033+0.066
−0.033−0.065 3.091
+0.033+0.064
−0.033−0.066 3.091
+0.034+0.065
−0.034−0.067 3.097
+0.033+0.067
−0.034−0.064
w0 −1.386+0.203+0.761−0.556−0.614 −0.692+0.215+0.589−0.374−0.486 −0.898+0.093+0.182−0.090−0.174 −0.933+0.064+0.142−0.066−0.139
wa < −0.038 < 0.613 −0.509+0.577+0.722−0.282−0.920 −0.263+0.211+0.361−0.165−0.388 −0.173+0.137+0.235−0.109−0.281
Ωm0 0.215
+0.024+0.136
−0.075−0.092 0.334
+0.024+0.061
−0.038−0.055 0.308
+0.009+0.020
−0.010−0.018 0.307
+0.009+0.019
−0.010−0.019
σ8 0.964
+0.114+0.146
−0.058−0.178 0.811
+0.027+0.053
−0.027−0.055 0.835
+0.018+0.037
−0.018−0.036 0.835
+0.017+0.034
−0.017−0.034
H0 83.55
+14.43+17.75
−7.20−20.82 65.41
+3.00+5.39
−3.03−5.33 67.91
+1.05+2.07
−1.06−2.10 67.98
+1.00+2.03
−0.99−2.05
Parameters CMB+GW CMB+BAO+GW CMB+BAO+JLA+GW CMB+BAO+JLA+CC+GW
Ωch
2 0.1185+0.0013+0.0024−0.0012−0.0024 0.1193
+0.0013+0.0026
−0.0013−0.0027 0.1191
+0.0013+0.0026
−0.0012−0.0025 0.1190
+0.0013+0.0025
−0.0013−0.0024
Ωbh
2 0.02234+0.00014+0.00027−0.00014−0.00027 0.02226
+0.00015+0.00029
−0.00015−0.00029 0.02226
+0.00014+0.00030
−0.00015−0.00029 0.02224
+0.00015+0.00028
−0.00014−0.00028
100θMC 1.04090
+0.00031+0.00060
−0.00031−0.00061 1.04077
+0.00032+0.00064
−0.00033−0.00063 1.04078
+0.00031+0.00060
−0.00031−0.00062 1.04076
+0.00031+0.00062
−0.00031−0.00060
τ 0.079+0.016+0.032−0.017−0.032 0.078
+0.018+0.033
−0.017−0.035 0.080
+0.016+0.032
−0.016−0.032 0.081
+0.017+0.033
−0.017−0.034
ns 0.9679
+0.0042+0.0081
−0.0042−0.0079 0.9660
+0.0044+0.0086
−0.0044−0.0088 0.9665
+0.0043+0.0084
−0.0043−0.0084 0.9666
+0.0043+0.0084
−0.0044−0.0082
ln(1010As) 3.089
+0.032+0.062
−0.032−0.063 3.089
+0.034+0.065
−0.033−0.068 3.091
+0.032+0.063
−0.032−0.064 3.094
+0.033+0.065
−0.034−0.066
w0 −1.253+0.131+0.281−0.153−0.255 −0.711+0.128+0.284−0.155−0.256 −0.925+0.070+0.142−0.070−0.136 −1.000+0.074+0.150−0.075−0.144
wa −0.516+0.372+0.637−0.295−0.669 −0.523+0.296+0.479−0.213−0.517 −0.186+0.151+0.258−0.130−0.287 0.004+0.142+0.247−0.123−0.274
Ωm0 0.210
+0.007+0.015
−0.008−0.014 0.328
+0.012+0.026
−0.013−0.025 0.309
+0.006+0.013
−0.006−0.013 0.312
+0.007+0.014
−0.007−0.014
σ8 0.955
+0.019+0.037
−0.019−0.036 0.818
+0.017+0.034
−0.017−0.033 0.833
+0.015+0.030
−0.015−0.029 0.828
+0.015+0.031
−0.015−0.029
H0 82.12
+1.34+2.54
−1.32−2.69 65.88
+1.20+2.35
−1.17−2.31 67.83
+0.64+1.30
−0.65−1.27 67.46
+0.69+1.42
−0.70−1.36
TABLE V: Observational constraints at 68% and 95% confidence levels for the Barboza-Alcaniz parametrization (13) using
various combinations of the observational data with and without the GW data. The upper panel represents the constraints on
the model without the GW data while in the lower panel we present the corresponding constraints using the GW data. For
the CMB only case the upper limits of the wa parameter at 68% and 95% CL are reported. Here, Ωm0 is the present value of
Ωm = Ωb + Ωc and H0 is in the units of km s
−1Mpc−1.
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FIG. 11: For the fiducial BA model, we first constrain the cosmological parameters using the datasets CMB, CMB+BAO,
CMB+BAO+JLA and CMB+BAO+JLA+CC and then we use the best-fit values of the parameters for “each dataset” to
generate the corresponding GW catalogue. Following this, in each panel we show dL(z) vs z catalogue with the corresponding
error bars for 1000 simulated GW events. The upper left and upper right panels respectively present the catalogue (z, dL(z)) with
the corresponding error bars for 1000 simulated GW events derived using the CMB alone and CMB+BAO dataset. The lower
left and lower right panels respectively present the catalogue (z, dL(z)) with the corresponding error bars for 1000 simulated
GW events derived using the CMB+BAO+JLA and CMB+BAO+JLA+CC datasets.
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FIG. 12: 68% and 95% CL contour plots for various combinations of some selected parameters of the BA model (13) using
different observational data in presence (absence) of the GW data.
of 6 (for 68% lower error bar on H0) and almost by a
factor of 10 (for 68% upper error bar on H0). The reduc-
tion of error bars is also true for other model parameters
as well. We note also that in a similar fashion, the con-
straints on the two key parameters of this model, namely,
w0 and wa are equally improved after the inclusion of
GW data. However, for both the datasets, that means,
CMB and CMB+GW, w0 remains in the phantom regime
(i.e., w0 < −1) at more than 68% CL. In fact, the high-
est peaks of the 1D posterior distributions for both the
datasets are in the phantom regime. For a better visual-
ization on the improvements of the parameters, we refer
to the top left panel of Fig. 12. From this figure (top left
panel of Fig. 12), one can clearly see how the inclusion
of GW to CMB improves the parameter space. We also
comment that the estimation of Ωm0 is small for both
the datasets and this is also found for other three models
as well.
For the next analyses with BAO, that means fo-
cusing on the combined analyses CMB+BAO and
CMB+BAO+GW, we do not find anything that is worth
reporting. The results can be found from the third col-
umn of Table V and the comparison between the con-
straints on the model parameters using various datasets
are shown in the top right plot of Fig. 12.
After the inclusion of JLA, results summarized in the
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FIG. 13: The evolution of the dark energy equation of state for the BA parametrziation has been shown for different datasets
taking the mean values of the key parameters w0 and wa from the analyses with and without the GW data. The solid curves
stand for the evolution of wx(z) for the standard cosmological probes while the dotted curves for the dataset in presence of the
GW data. The shaded regions show the 68% CL constraints on these two parameters.
fourth column of Table V, we find that quintessence
DE (i.e., w0 > −1) is preferred by the dataset
CMB+BAO+JLA, and this remains so at 68% CL. In ad-
dition, the inclusion of GW to this dataset does not alter
this conclusion meaning that within 68% CL, w0 > −1.
We note that the highest peaks of the 1D posterior distri-
butions of w0 are bent towards the quintessence regime.
Concerning the wa parameter, we find that the con-
straints are small (in magnitude) compared to the previ-
sous datasets and also compared to previous three mod-
els as well. We see that, wa = −0.263+0.211−0.165 (68% CL,
CMB+BAO+JLA) and wa = −0.186+0.151−0.130 (68% CL,
CMB+BAO+JLA+GW). Thus, we see that both the
datasets prefer wa 6= 0, at least in 68% CL. We refer
to the bottom left panel of Fig. 12 for a comparison of
the model parameters constraints obtained from different
datasets.
Finally, we consider the last two combi-
nations, namely, CMB+BAO+JLA+CC and
CMB+BAO+JLA+CC+GW. In the last column of
Table V, we have summarized the results and in the
bottom right panel of Fig. 12 we have compared the cos-
mological constraints for this parametrization obtained
from both the datasets. These analyses give some inter-
esting results. Concerning the present value of the dark
energy equation of state, w0, we see that for the dataset
CMB+BAO+JLA+CC, w0 > −1 and it remains so at
more than 68% CL, while after the inclusion of GW,
this result is completely changed with the possibility
of w0 < −1 at more than 68% CL. More interets-
ingly, for the dataset CMB+BAO+JLA+CC+GW,
w0 = −1.000+0.074−0.075 at 68% CL. In adition to that,
after the inclusion of GW, that means, for the dataset
CMB+BAO+JLA+CC+GW, wa = 0.004
+0.142
−0.123 (68%
CL). Thus, from the overall constraints on both w0 and
wa for this model, one can clearly say that forecasting
with future gravitational waves data strongly hints
towards the ΛCDM type cosmology, however, looking at
the constraints on wa for CMB+BAO+JLA+CC+GW,
the presence of large error bars imply that the observa-
tional data allow wa 6= 0 as well.
Finally, using the mean values of (w0, wa) from all the
datasets, in Fig. 13 we depict the evolution of the dark
energy equation of state wx(z) for this model. The solid
lines in each plot stand for the wx(z) curve for the usual
cosmological probe and the dotted lines depict the evo-
lution of wx(z) in presence of the GW data. In each
plot the shaded regions (with similar colors to the cor-
responding curves) present the 68% regions for the pa-
rameters w0, wa corresponding to each dataset (with or
without the GW data). A quite interesting scenario we
observe from the right plot of the lower panel of Fig. 13
(see the dotted curve in this plot) is that the mean-curve
for wx(z) is exactly equal to the cosmological constant,
22
wx(z) = −1.
6. CONCLUDING REMARKS
The detection of gravitational waves has thrilled the
scientific community by offering a new window of tests
that may shine some light on the nature of gravity, dark
matter and dark energy. In the present work we inves-
tigate how GW data could bring further cosmological
constraints to a class of dynamical dark energy models.
In particular, we use 1000 simulated GW data from the
Einstein Telescope (we refer the readers to section 3 for
detailed discussions on how the GW catalogue can be
generated for any fiducial cosmological model).
In order to proceed we first consider four dynami-
cal dark energy models characterized by their equation
of state, namely, Chevallier-Polarski-Linder parametriza-
tion [eqn. (10)], Logarithmic paramerization [eqn. (11)],
Jassal-Bagla-Padmanabhan parametrization [eqn. (12)],
Barboza-Alcaniz parametrization [eqn. (13)] and con-
strain them using the standard cosmological probes such
as CMB, BAO, JLA, and CC. Then considering the cor-
responding parametrizations as the fiducial models and
using the best-fit values of the model parameters from
each dataset (for a quick look at the best-fit values of
the model parameters, see the tables VII, VIII, IX and
X given in Appendix A) we generate the corresponding
GW catalogue for the next step. In this way, we gener-
ate 1000 simulated GW events from the present dynam-
ical models. Now, along with the 1000 simulated GW
data from the Einstein Telescope, we include the afore-
mentioned standard cosmological probes, namely, CMB,
BAO, JLA, and CC, in order to understand the con-
straining power of GW data in the context of dynamical
dark energy models.
The results of these four dynamical DE parametriza-
tions are shown in Table II (CPL), Table III (Logarith-
mic), Table IV (JBP), Table V (BA). Further, the com-
parisons between the results of the observational con-
straints obtained from different cosmological datasets
(with and without the GW data) have been graphically
shown in Fig. 3 (CPL), Fig. 6 (Logarithmic), Fig. 9
(JBP) and Fig. 12 (BA). For a quick review on some key
parameters of these DE parametrizations, namely, w0,
wa and H0, one can see Table VI.
Concerning the CPL parametrization [eqn. (10)], we
find that the effects of GW are clearly pronounced, and
such effects are clearly recognized if one looks at the con-
straints from CMB and CMB+GW datasets. In par-
ticular, one can see that, H0 = 83.06
+15.10
−7.98 (68% CL,
CMB) and H0 = 80.75
+1.71
−1.92 (68% CL, CMB+GW).
This clearly shows that the addition of GW to CMB
reduces the error bars on H0 in a significant way. Re-
garding other parameters, we also find that the dataset
CMB+GW improves them compared to their constraints
from CMB alone. The improvements are significantly
visible from some parameters, see the 1D posterior dis-
tributions as well as the 2D contour plots shown in the
upper left panel of Fig. 3. However, for other datasets,
such as CMB+BAO+GW, CMB+BAO+JLA+GW and
CMB+BAO+JLA+CC+GW, the effects of GW is of
course seen but not much compared to what we observed
for the CMB+GW dataset. Now, concerning the present
value of the dark energy equation of state, w0, we see that
the inclusion of GW significantly improves its parameter
space by reducing its error bars. For the CMB alone case
we see that the highest peaks of the 1D marginalized pos-
terior distributions of w0 (upper left panel of Fig. 3) are
bent towards the phantom regime while for the remain-
ing three cases, the highest peaks of the 1D marginal-
ized posterior distributions of w0 are bent towards the
quintessence regime. While statistically, within 68% CL,
all four combinations, allow w0 > −1 phase. Regarding
the remaining free parameter of this model, namely, wa,
its improvements after the inclusion of GW are similarly
visible, see for instance the 1D posterior distributions for
wa for all the datasets (see Fig. 3). We would like to
remark that the highest peaks of the posterior distribu-
tions for wa, are never zero, which go in favour of the
dynamical dark energy equation of state.
Now, for the Logarithmic parametrization [eqn. (11)]
we have almost similar behaviour to the CPL model
[(10)]. The improvements of the parameters after the
inclusion of GW are clearly visible, see the 1D poste-
rior distributions of various parameters and the 2D con-
tour plots shown in Fig. 6. One important remark for
this parametrization is that for CMB data, wa is uncon-
strained while the addition of GW to CMB becomes able
to constrain it.
For JBP parametrization [eqn. (12)] the reduction of
error bars in presence of GW follows a similar pattern as
observed in CPL and Logarithmic parametrizations. We
refer to Fig. 9 (JBP parametrization) for a better un-
derstanding on how GW improves the cosmological con-
straints. Similar effects on the two key parameters of this
model, namely, w0 and wa are observed and we again
refer to 1D posterior distributions of the parameters in
Fig. 9. For the w0 parameter, its highest peaks in the 1D
posterior distributions are bent towards the quintessence
regime. For the wa parameter we would like to note that
the final combination with GW, that means the dataset
CMB+BAO+JLA+CC+GW returns its extremely lower
mean value with wa = −0.029+0.755−0.391 (68% CL) com-
pared to its constraint obtained from the usual dataset
CMB+BAO+JLA+CC: wa = −0.737+0.839−0.689 (68% CL).
For the last parametrization, i.e., BA parametriza-
tion [eqn. (13)], the improvements of the entire pa-
rameter space due to the inclusion of GW are evi-
dent from Table X and from Fig. 12. We also re-
fer to Table VI in order to see how the key param-
eters w0 and wa are affected due to the inclusion of
GW. We see that the behaviour of wa is different which
distinguishes it from other DE parametrizations. We
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Parameters [C] [CG] [CB] [CBG] [CBJ] [CBJG] [CBJC] [CBJCG]
w0 (CPL) [−1.218+0.302−0.597] [−1.168+0.180−0.212] [−0.524+0.374−0.236] [−0.465+0.189−0.200] [−0.909+0.095−0.123] [−0.904+0.070−0.080] [−0.909+0.099−0.116] [−0.902+0.064−0.062]
wa (CPL) [< −0.446] [−1.081+0.842−0.640] [−1.403+0.731−1.021] [−1.523+0.642−0.562] [−0.409+0.517−0.277] [−0.256+0.263−0.227] [−0.399+0.423−0.297] [−0.373+0.263−0.226]
H0 (CPL) [83.06
+15.10
−7.98 ] [80.75
+1.71
−1.92] [64.36
+2.05
−3.23] [63.77
+1.37
−1.52 ] [67.94
+1.09
−1.08] [66.98
+0.55
−0.55] [67.92
+1.09
−1.09] [67.72
+0.36
−0.35]
w0 (Log) [−1.058+0.354−0.550] [−1.056+0.179−0.196] [−0.429+0.265−0.223] [−0.607+0.172−0.186] [−0.895+0.084−0.098] [−0.919+0.071−0.085] [−0.894+0.072−0.097] [−0.902+0.057−0.078]
wa (Log) [Unconstrained] [−1.500+0.718−0.571] [−1.301+0.549−0.570] [−0.955+0.543−0.388] [−0.365+0.365−0.083] [−0.399+0.251−0.172] [−0.352+0.293−0.137] [−0.252+0.220−0.089]
H0 (Log) [82.78
+15.48
−8.34 ] [82.57
+1.66
−1.65] [63.30
+1.87
−2.52] [65.19
+1.31
−1.48] [67.93
+1.11
−1.19] [68.88
+0.73
−0.76] [67.84
+1.05
−1.14] [67.11
+0.68
−0.69]
w0 (JBP) [−1.423+0.220−0.491] [−1.213+0.152−0.097] [−0.692+0.279−0.144] [−0.672+0.234−0.106] [−0.932+0.115−0.177] [−0.925+0.108−0.131] [−0.893+0.120−0.148] [−0.982+0.080−0.132 ]
wa (JBP) [< 0.19] [−1.614+0.593−1.100 ] [−1.618+0.417−1.382] [−1.786+0.321−1.214] [−0.508+1.017−0.622] [−0.683+0.828−0.549] [−0.737+0.839−0.689] [−0.029+0.755−0.391]
H0 (JBP) [84.01
+13.21
−7.82 ] [82.73
+0.49
−0.54] [66.29
+1.58
−2.26] [66.54
+0.89
−1.41] [68.07
+1.08
−1.09] [68.60
+0.61
−0.60] [67.95
+1.05
−1.04] [67.19
+0.79
−0.71]
w0 (BA) [−1.386+0.203−0.556] [−1.253+0.131−0.153] [−0.692+0.215−0.374] [−0.711+0.128−0.155] [−0.898+0.093−0.090] [−0.925+0.070−0.070] [−0.933+0.064−0.066] [−1.000+0.074−0.075]
wa (BA) [< −0.038] [−0.516+0.372−0.295] [−0.509+0.577−0.282] [−0.523+0.296−0.213] [−0.263+0.211−0.165] [−0.186+0.151−0.130] [−0.173+0.137−0.109] [0.004+0.142−0.123]
H0 (BA) [83.55
+14.43
−7.20 ] [82.12
+1.34
−1.32] [65.41
+3.00
−3.03] [65.88
+1.20
−1.17] [67.91
+1.05
−1.06] [67.83
+0.64
−0.65] [67.98
+1.00
−0.99] [67.46
+0.69
−0.70]
TABLE VI: Reporting the 68% CL constraints on some key parameters of all the dark energy parametrizations namely, w0,
wa and H0 before and after the inclusion of GW to the standard cosmological probes. Let us note that here C = CMB, CG
= CMB+GW, CB = CMB+BAO, CBG = CMB+BAO+GW, CBJ = CMB+BAO+JLA, CBJG = CMB+BAO+JLA+GW,
CBJC = CMB+BAO+JLA+CC and CBJCW = CMB+BAO+JLA+CC+GW.
notice that due to the addition of GW to the usual
cosmological probes, the mean values of wa obtained
from the standard cosmological probes, become half
with improvements in the parameter space (68% con-
straints: wa = −0.263+0.211−0.165 for CMB+BAO+JLA, while
wa = −0.186+0.151−0.130 for CMB+BAO+JLA+GW) or even
smaller than half (68% constraints: wa = −0.173+0.137−0.109
for CMB+BAO+JLA+CC, whereas wa = 0.004
+0.142
−0.123
for CMB+BAO+JLA+CC+GW). Finally, we would like
to remark that for the last observational combination
with GW, that means for CMB+BAO+JLA+CC+GW,
the 68% CL constraints on w0 and wa are, w0 =
−1.000+0.074−0.075, wa = 0.004+0.142−0.123. This reflects its close-
ness to the Λ type cosmology, however, due to the large
error bars on wa, its dynamical character is certainly al-
lowed within 68% CL.
Thus, our results clearly indicate that the future GW
data may significantly affect the cosmological parame-
ters providing stringent constraints on them by reduc-
ing their error bars in a remarkable way. Although
one may argue that for the above DE parametriza-
tions, the future constraints from GW seem to prefer a
quintessential DE (for BA parametrization, the last com-
bination CMB+BAO+JLA+CC+GW supports towards
Λ-cosmology), however, this result holds as long as the
underlying cosmological model corresponds (or, is close
enough) to the model adopted for generating the GW
mock data.
Last but not least, considering the upcoming cosmo-
logical surveys, such as Simons Observatory Collabora-
tion, CMB Stage-4, DESI, LSST, weak lensing, galaxy
clusters, it is quite reasonable to examine the constrain-
ing power of the Einstein Telescope compared to others.
A systematic and dedicated analysis for dynamical dark
energy is the subject of a forthcoming work.
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Appendix A: Best-fit values of free and derived
parameters of the DE parametrizations
In this section we show the best-fit values of the
free and derived parameters of all the dark energy
parametrizations that have been investigated in this
work. The tables VII, VIII, IX, X correspond to the CPL,
Logarithmic, JBP and BA parametrization, respectively.
We again note that the best-fit values of those parame-
ters summarized in the aforementioned tables were used
to generate the GW catalogue.
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Parameters CMB CB CBJ CBJC
Ωch
2 0.1203 0.1194 0.1193 0.1189
Ωbh
2 0.02232 0.02218 0.02227 0.02214
100θMC 1.041 1.041 1.04055 1.04100
τ 0.060 0.051 0.0775 0.089
ns 0.9628 0.964 0.9657 0.967
ln(1010As) 3.060 3.038 3.082 3.108
w0 −1.905 −0.284 −0.885 −0.873
wa −0.083 −1.927 −0.518 −0.510
Ωm0 0.149 0.376 0.308 0.308
σ8 1.072 0.760 0.834 0.841
H0 97.89 61.50 67.99 67.80
TABLE VII: The table summarizes the best-fit values of
the free and derived parameters of the CPL parametrization
(10). Here, CB = CMB+BAO, CBJ = CMB+BAO+JLA
and CBJC = CMB+BAO+JLA+CC.
Parameters CMB CB CBJ CBJC
Ωch
2 0.1190 0.1198 0.1193 0.1194
Ωbh
2 0.02215 0.02211 0.02237 0.02234
100θMC 1.04082 1.04056 1.04058 1.04047
τ 0.083 0.080 0.089 0.084
ns 0.9650 0.9654 0.9688 0.9659
ln(1010As) 3.098 3.094 3.118 3.099
w0 −1.413 −0.651 −0.872 −0.908
wa −2.363 −0.790 −0.392 −0.299
Ωm0 0.145 0.341 0.311 0.311
σ8 1.096 0.815 0.845 0.838
H0 98.89 64.70 67.65 67.67
TABLE VIII: The table summarizes the best-fit values
of the free and derived parameters of the Logarithmic
parametrization (11). Here, CB = CMB+BAO, CBJ =
CMB+BAO+JLA and CBJC = CMB+BAO+JLA+CC.
Parameters CMB CB CBJ CBJC
Ωch
2 0.1197 0.1203 0.1175 0.1188
Ωbh
2 0.02234 0.02218 0.02242 0.02235
100θMC 1.04103 1.04084 1.04095 1.04082
τ 0.078 0.091 0.082 0.085
ns 0.965 0.964 0.973 0.966
ln(1010As) 3.086 3.120 3.090 3.107
w0 −1.687 −0.538 −0.824 −0.915
wa −0.752 −2.335 −0.870 −0.499
Ωm0 0.162 0.344 0.311 0.310
σ8 1.052 0.823 0.815 0.832
H0 93.96 64.55 67.21 67.58
TABLE IX: The table summarizes the best-fit values of the
free and derived parameters of the JBP parametrization (12).
Here, CB = CMB+BAO, CBJ = CMB+BAO+JLA and
CBJC = CMB+BAO+JLA+CC.
Parameters CMB CB CBJ CBJC
Ωch
2 0.1191 0.1183 0.1198 0.1191
Ωbh
2 0.02239 0.02236 0.02222 0.02237
100θMC 1.04095 1.04087 1.04100 1.04094
τ 0.096 0.076 0.076 0.089
ns 0.970 0.969 0.967 0.972
ln(1010As) 3.118 3.082 3.084 3.118
w0 −1.660 −0.743 −0.744 −0.910
wa −0.486 −0.395 −0.511 −0.133
Ωm0 0.156 0.327 0.322 0.318
σ8 1.078 0.806 0.826 0.834
H0 95.44 65.76 66.56 66.86
TABLE X: The table summarizes the best-fit values of the free
and derived parameters of the BA parametrization (13). Here,
CB = CMB+BAO, CBJ = CMB+BAO+JLA and CBJC =
CMB+BAO+JLA+CC.
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